This paper analyzes rectangular finite element methods for fourth order elliptic singular perturbation problems. We show that the non-C 0 rectangular Morley element is uniformly convergent in the energy norm with respect to the perturbation parameter. We also propose a C 0 extended high order rectangular Morley element and prove the uniform convergence. Finally, we do some numerical experiments to confirm the theoretical results. par
Introduction
Let Ω ⊂ R 2 be a bounded polygonal domain with boundary ∂Ω. We consider the following elliptic singular perturbation model:
Here f ∈ L 2 (Ω), ∆ is the standard Laplace operator, ∂/∂n denotes the normal derivative on ∂Ω, n = (n 1 , n 2 )
T is the unit outer normal vector of ∂Ω, and ǫ is a real parameter such that 0 < ǫ 1. It is obvious that the equation degenerates to Poisson's equation when ǫ tends to zero.
For fourth-order elliptic problems, conforming finite element methods require C 1 continuity. This usually leads to complicated element construction(see, e.g. [1] ). In order to overcome the C 1 difficulty, nonconforming finite element methods are often preferred. Among the existing nonconforming elements, the triangular Morley element is the simplest one [2] . For the convergence analysis of this element, one can see [1, 3, 4, 5] . But, as shown in [6, 7] , the Morley method is not uniformly convergent with respect to the perturbation parameter ǫ for the singular perturbation problem (1.1). It diverges for Poisson's equations, i.e. the limit problem when ǫ tends to zero.
In [6] , Nilssen, TAI and Winther proposed a C 0 nonconforming triangular element. It has 9 degrees in each element and the function space contains complete polynomials of degree 2. Uniform convergent rate in ǫ was deduced for the problem (1.1). Chen, Zhao and Shi presented and analyzed in [8] a nine parameter triangular element and a twelve parameter rectangular element with double set parameters. In [9] , Wang, Xu and Hu derived a modified Morley element method. This method uses the triangular Morley element or rectangular Morley element, but the linear or bilinear approximation of finite element functions is used in the lower part of the bilinear form. It was shown that the modified scheme converges uniformly in ǫ.
In this paper we focus on the analysis of uniformly stable rectangular elements for the problem (1.1). In Section 2 we introduce some notations and the weak formulations. In Section 3 we discuss general conditions for the construction of uniformly convergent nonconforming finite elements. We show that the rectangular Morley element is uniformly convergent in Section 3. We also propose a new uniformly convergent C 0 higher order rectangular element in Section 4. Finally we give some numerical examples in Section 5.
Weak formulations
We first introduce some notations. For a non-negative integer m, let H m (Ω) denote the usual Sobolev space with norm · m and semi-norm
We have
is the space of square-integrable functions with the inner product (· , ·).
We also use the notation · m,K (or | · | m ) to indicate that the norm (or semi-norm) is defined with respect to a domain K.
Let T h be a shape regular triangulation of the domain Ω with the mesh parameter h = max T ∈T h {diameter of T }. Let e denote any edge of an element and E h be the set of all interior edges in T h . We use [v] to denote the jump of a function v across an interior edge e, and [v] = v when e ⊂ ∂Ω. We denote by P k the set of polynomials of degree ≤ k, and by Q k the set of polynomials of degree ≤ k in each variable.
For simplicity, we use X ( )Y to denote that there exists a constant C, independent of the mesh size h and the perturbation parameter ǫ, such that X ≤ (≥)CY .
Let D 2 u denote the 2×2-tensor of second order partials of u with (D 2 u) i,j = ∂ 2 u/∂x i ∂x j , with the scalar product of tensors defined by
It is easy to verify that
Define the bilinear forms
Then the weak form of problem (1.1) reads as :
We also define an energy norm on H 2 (Ω) relative to the parameter ǫ as follows:
(Ω) be a finite-dimensional space. Define the bilinear forms on
The discrete weak formulation corresponding to the problem (2.1) reads as:
Remark 2.1. In the case that f ∈ H −1 (Ω) and V h ⊂ H 1 0 (Ω), one can use the following modified scheme to replace (2.2):
Here Π :
is an operator which preserves linear polynomials locally. The error analysis is almost the same as that for the scheme (2.2).
Similar to the continuous level, we define the discrete norm on V h as
3 Assumptions for element construction and general convergence results
Let us first make some assumptions on the finite element space V h .
where I h is the interpolate operator associated with V h ; (H2) ∀ v h ∈ V h , v h is continuous at the vertices of elements and is zero at the vertices on ∂Ω;
∂n ds is continuous across the element edge e and is zero on e ⊂ ∂Ω;
From (H1) and (H2) we easily know that there exists an interpolation operator Π :
In fact, Π can be taken as the interpolation operator corresponding to the continuous linear element when T is a triangle or to the continuous bilinear element when T is a rectangle. Especially, when
where
The assumption (H2) ensures that · ǫ,h is a norm on V h . This guarantees the existence and uniqueness of the solution, u h ∈ V h , to the problem (2.2).
To estimate the error u − u h in the energy norm, we need the second Strang lemma (see [1] , Theorem 4.2.2):
Lemma 3.1. Let u and u h be the solutions to the problems (2.1) and (2.2) respectively. Then it holds
From the assumption (H1) and the standard interpolation theory, we can have
Thus the approximation error term, i.e. the first term on the right of (3.3), can be bounded as
As for the consistency error term E ǫ,h (u, w h ), we can express it as
From Green's formula and the fact Πw h | ∂Ω = 0, we have
and
where in the first equality s denotes the unit tangential vector along ∂T . The above three relations, together with (3.6), imply
we have Πw h = w h , which implies J 2 = J 3 = J 4 = 0. Then the consistency term is reduced to
For the consistency error term E ǫ,h (u, w h ), we have the following conclusion:
Under the conditions of Lemma 3.1 and the assumptions (H1)-(H4), it holds
Proof. From the assumptions (H2) and (H3), we have
By a standard scaling argument (see, for example, [10] , Pages 205-207), it holds
(Ω), the above inequality (3.11), together with Remark 3.1, indicates (3.10).
When
, from Schwarz's inequality, (5) and the standard interpolation theory, we have
Similarly, by (H4) we obtain
We also have
As a result, the estimation (3.9) follows from (3.7), (3.11)-(3.14).
From Lemma 3.1, the estimation (3.5), and Lemma 3.2, we immediately get the following main convergence result: Theorem 3.1. Suppose (H1)-(H4) hold true. Let u and u h be the solutions to the problems (2.1) and (2.2) respectively. Then it holds
In next section, on the basis of (H1)-(H4), we will analyze the rectangular Morley element and construct a new high order nonconforming rectangular element for the problem .
Nonconforming rectangular elements
In what follows we assume the domain Ω is a bounded polygonal domain with a shape-regular rectangular mesh subdivision T h .
Rectangular Morley element
Given a rectangle T ∈ T h with center a 0 = (x 0 , y 0 ),
Let a i and e i (i = 1, 2, 3, 4) be its vertices and edges, respectively (see Figure  4 .1), with edge lengthes |e 1 | = |e 2 | = 2h 1 and |e 3 | = |e 4 | = 2h 2 . The rectangular Morley element is then described by (T, P T , N T ) [11] :
(1)
For ∀v ∈ C 1 (T ), the set of degrees of freedom 
and b i is the midpoint of the edge e i for 1 ≤ i ≤ 4. 
Define the Morley space by
M h = {v h ∈ L 2 (Ω) : v h | T ∈ P T , ∀T ∈ T h ; v h is
Obviously we have
M h ⊂ H 1 0 (Ω). For ∀v h ∈ M h , T ∈ T h ,
we can write it in the form
where q i (1 ≤ i ≤ 8) are the corresponding basis functions given by
Now we take V h = M h , and let Π be the usual bilinear interpolation operator corresponding to the H 1 −conforming bilinear element with respect to T h . By the definition we easily know that the assumptions (H1)-(H3) hold for the Morley space V h . We will further show (H4) also holds true. We have
Proof. For v h ∈ M h , the bilinear interpolation Πv h can be expressed as:
are the corresponding bilinear basis functions, namelỹ
It is easy to see that
The above two relations, together with (4.3), yield
As a result, the rectangular Morley space M h satisfies the assumptions (H1)-(H4). Then, from Theorem 3.1, we have Theorem 4.1. Let u and u h be the solutions to the problems (2.1) and (2.2) respectively. Then, for the rectangular Morley element, it holds the following error estimate:
In next subsection, we will propose an extended high order C 0 rectangular Morley element for the problem (1.1).
Extended high order rectangular Morley element
Let T ∈ T h be a rectangle given by (4.1) . Let m i be the four midpoints of the edges, 1 ≤ i ≤ 4 (see Figure 4 .2). Introduce three functions like
(4.5)
Then the extended high order rectangular Morley element (T,
, the set of degrees of freedom
where Q 2 (T ) is the set of bi-quadratic polynomials on T . 
Then, for any function w ∈ Q T , we can express it in the form 
from (4.6) we immediately have
From w(m i ) = 0 for i = 1, 2, 3, 4, we get −β 5 − β 11 = 0, β 6 + β 10 = 0, β 7 + β 11 = 0, −β 8 + β 10 = 0.
These yield
Hence, by (4.7) and (4.8), w has the form w = β 9 p 9 + β 10 (−p 6 + p 8 + φ 1 ) + β 11 (−p 5 − p 7 + φ 2 ) + β 12 φ 3 . It is easy to know the solution to this system is
Consequently, the desired conclusion follows from (4.7) (4.8) and (4.9).
Remark 4.2. In fact, the selection of {φ 1 (ξ, η), φ 2 (ξ, η), φ 3 (ξ, η)} in the shape function space Φ T is not unique. To ensure the element is C 0 , φ i can be of the following form:
where g 1 (ξ) and g 2 (η) are polynomials of degrees ≥ 3, and g 3 (ξ, η) is a polynomial of degree ≥ 1. For example, a choice of φ i different from (4.5) can be like
For v ∈ Q T , it is easy to see that v| ei ∈ P 2 (e i ) (i = 1, 2, 3, 4). Then v| ei is determined by the degrees of freedom associated to the endpoints and midpoint of the edge e i . Therefore, the extended high order rectangular element (T, Q T , Φ T ) is C 0 . Now we define the extended high order rectangular Morley space as :
; v h is continuous at vertices and edge midpoints of elements and vanishes at the vertices and edge midpoints on ∂Ω; e ∂v h ∂n ds is continuous across the element edge e and vanishes on e ⊂ ∂Ω}.
It is obvious
. Then this extended high order rectangular Morley element leads to a nonconforming method for the fourth order problem.
Taking
2), we easily know the assumptions (H1)-(H3) hold true. Then, from Theorem 3.1, we have Theorem 4.2. Let u and u h be the solutions to the problems (2.1) and (2.2) respectively. Then, for the extended high order rectangular Morley element, it holds
Boundary layers and uniform error estimates
From Theorem 4.1 and Theorem 4.2, we can conclude that the rectangular Morley element and the extended high order rectangular Morley element ensure linear convergence with respect to h, uniformly in ǫ, under the condition the semi-norm |u| 2 +ǫ|u| 3 being uniformly bounded. In general, we can't expect that the norm |u| 2 and |u| 3 is bounded independent of ǫ. Actually, as ǫ approaches to zero |u| 2 and |u| 3 should be expected to blow up. Hence, the convergence estimates given in the theorems will deteriorate as ǫ becomes small. The purpose of this section is to establish error estimates which are uniform with respect to the perturbation parameter ǫ ∈ [0, 1] for the rectangular Morley element and the extended high order rectangular Morley element.
From the regularity theory for elliptic problems in non-smooth domains (see [12] : Corollary 7.3.2.5), we have the following regularity result for the problem (1.1): If f ∈ H −1 (Ω) and Ω is convex, then u ∈ H 3 (Ω) and it holds
Here C ǫ is a positive constant independent of f but in general dependent on the parameter ǫ.
In [6] , Nilssen, Tai and Winther derived the following refined regularity result:
(Ω) be respectively the weak solutions to the problem(1.1) and the reduced problem
Then it holds
By this lemma, we have the following uniform result: Proof. By the interpolation estimates (3.4) and the regularity result (4.13), we obtain
These two inequalities yield the estimate of the approximation term,
By Lemma 3.1, the only thing left is to estimate the consistency error E ǫ,h (u, w h ) = J 1 + J 2 + J 3 + J 4 , where J i are defined in (3.7). From (3.11), (3.12) and (4.13), there hold
For the term J 3 , by the assumption (H4), standard interpolation theory and (4.13), we have
18) where the operator Π 0 is the same as in (3.13). Finally, the above estimates (4.15)-(4.18), together with (3.14), indicate the desired uniform estimate (4.14).
Corollary 4.1. The rectangular Morley element and the extended high order rectangular Morley element are uniformly convergent when applied to the problem (1.1), in a sense that the uniform error estimate (4.14) holds true.
Numerical results
In this section, we will show some numerical results of the rectangular Morley element and the extended high order rectangular Morley element.
An example without boundary layers
Let Ω = [0, 1] × [0, 1] and u(x 1 , x 2 ) = sin(πx 1 ) 2 sin(πx 2 ) 2 . For ǫ ≥ 0, set f = ǫ 2 ∆ 2 u − ∆u. Then u is the solution to the problem (1.1) when ǫ > 0. The domain Ω is divided into n 2 squares of size h × h, with h = 1/n. In tables 1-2 we have listed the relative error in the energy norm, u − u h ǫ,h / u ǫ,h for different values of ǫ, h. For comparison we also consider the case ǫ = 0, i.e, the Poisson's problem with Dirichlet boundary conditions, and the biharmonic problem ∆ 2 u = f . From the numerical results we can conclude that the rectangular Morley element and the extended high order rectangular Morley element both converge for all ǫ ∈ [0, 1]. More precisely, for the extended high order rectangular Morley element, the results show that relative energy error is linear with respect to h when ǫ is large while it is quadratic when ǫ is small. But the rectangular Morley element can only ensures linear convergence rate. These are conformable to our theoretical results (4.4) and (4.10).
An example with boundary layers
We consider an example to verify the theoretical analysis for boundary layers.
Let Ω = [0, 1] × [0, 1] and u(x 1 , x 2 ) = ǫ(e −x1/ǫ + e −x2/ǫ ) − x 2 1 x 2 , f = 2x 2 , and we assume the Dirchlet and Neumann boundary condition holds.
We computed the relative error in the energy norm for various values of ǫ and h by using the rectangular Morley element and the extended high order rectangular Morley element. From the computational results listed in tables
